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Abstract. In this article we present Sobolev- type inequalities for the local- 
ization of pseudo-relativistic energy. 
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In this article we present Sobolev-type inequalities for the localization 
of pseudo-relativistic energy. This is a continuation of our previous article 
( |BT| ). where a Kato-type inequality for the same localization has been 
established. In a seminal paper by Lieb and Yau ( |LY| ) some inequalities 
for pseudo-relativistic energy localization have been used to establish the 
stability of matter. We hope that our results can also be used in this area. 
Another reason for studying such quadratic forms comes from scale-space 
theory in image processing. It has been shown ( |FSj ) that pseudo-relativistic 
energy generates better scale-space theory for R 2 . Since real images are 
defined on bounded domains we need similar scale-space theory for such 
domains. There are two possibilities to do this. One is to take the square 
root of the Laplacian ( |DFFPj ). The other possibility is to consider the 
quadratic form for an image f(x) defined by 



The second possibility is preferable since it is easy to calculate and explicitly 
involves image contrast. Applications of results obtained in this paper for 
image processing will be studied in a future article. 
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Our main result is 

Theorem 1. Let Q be a bounded domain in R n such that = 4>{Bi), where 
B\ C W 1 , n ^ 2 is a unit ball and <f> : B\ — > Q is a diffeomorphism with 

cx l \x-y\ < |0(x)-0(y)| ^a\x-y\ (1) 

/or some constant c\ = ci(£l) > 1. Then there exists a constant c 2 = c 2 (£l) > 
such that 



Six!] 

/or any continuous function f : f2 — > C u>ii/i supp f C 

The proof of Theorem ^ will be preceded by the proofs of two auxiliary 
lemmas. 

Lemma 1. Let £7 C M n either satisfies the conditions of Theorem Q or 
£1 = W n . Let < 7 < 1. Then there exists a constant C3 = 03(^,7) > such 
that for any V C A C £1 one has 

dxdy , T .,™- 1 / \ 

^^o 3 \V\ — (2) 




\x — y 
n\A v 

provided that \A\ < 00, 

\n\A\>\A\ (3) 

and 

\V\>1\A\. (4) 

Remark 1. The following example shows the importance of the restriction 
that Q, = cp(Bi), where the diffeomorphism <p satisfies (JJ). The domain 

ft = {(x 1 ,x 2 ) G M 2 : < xi < 1, < x 2 < x\} 



does not satisfy the conditions of Theorem^ Let us tak 



e 



2 

A k = {(xi,x 2 ) e M 2 : < xi < - , < x 2 < x\\ , 

k 

V k = {(yi,y 2 ) G M 2 : < Vl < - , < y 2 < yj} . 
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Note that \Q \ A k \ > \A k \, \V k \ = \A k \/8 for k ^ 4 and so © and © hold. 
One readily sees that 



\x-y\^ \xi - yi\ ^ 



1 



\ x i\ 



for x = (xi,X2) 6fi \ A k , y = (2/1,2/2) £ where we have used 
< yi < 1/k < 2/k < x\. Hence 



Q\A k V k 



dxdy 
\x - y\- 



n\A h 



Therefore 



as k — > 00. 



1^1 



-n+l 



dx 
|xi| 2 



dxdy 
\x — y\' 



5 Hil 
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Proof of Lemma Let us briefly outline the main ideas of the proof. The 
proof for the case $7 = M. n is based on the fact that the expression 



W\ 



dxdy 



l V4 V 



\x-y 



n+l 



is invariant under the replacement (A,V) — ► (ivl, tV), where t > is a 
parameter. In the case = Bi we construct sets Fci, such that A C A, 
V C V and |V| const. \A\ > 0. Then we reduce this case to the previous 
one by applying Lemman w ith (O, A, V) := (M", A, V). In the most general 
case Vt = 4>{B\) it is enough to notice that both sides of (J2J) are compatible 
with the corresponding expressions for Q = B\. Now we proceed to the 
proof. 

Case 1. Let Cl = W 1 . 

Take a set of unit cubes Q m C M n , m £ N such that M n = (J Q m . 



Using that \x — y\ ^ y/n for x,y £ Q m we obtain 



m=l 



dxdy 



A c V 



\x-y 



n+l 



E 

m=l 



dxdy 



I n+l 



n+l 



|Q m nA c ||Q m nu| 



■ 00 



m=l 
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where A c = R n \ A. If \A\ = 1/2, then \Q m n A c \ ^ 1/2 and using © we 
get 

dxdy 1 |V| 7 



A c V 



\ x -y\n+l " 2(^)™+ 1 ^ '™ ' 2(^)™+ 1 " 4(^) n+1 ' 

(5) 

In the general case we take t = (2\A\) 1 / n and = t~ l A, V = t~ l V . Clearly 
\Aq\ = 1/2 and |Vo| ^ 7|-Ao|- Making the change of variables x := tx, y := ty 
and applying © with Aq and Vq gives 

cfedy tn _ x f f dxdy > /( 



k~y| n+1 7 J |rE-y| n+1 4(^/n) n+1 

where we used t" -1 > (2|A|) 2 ^ 1 > (2^1)^ > IV^. 

Case 2. We proceed with the case O = B\. We denote by B r the ball 
in W 1 with radius r and center at the origin. Let (A k , V k ) be a sequence of 
sets minimizing G = G(A, V) 

1 /" /" dxdy 



n— 1 



J J |z-y| n+1 ' 



among all (A, V) satisfying the conditions of Lemma ^ We are done if we 
show that 

G(A k ,V k ) ^ const. > (6) 

for all kN. 

Since \x — y\ ^ 2 for x,y £ B\, it follows that 

G > 2~ n ~ 1 |ft \ A| |V|» ^ 2""~ 1 |A| |V|» . (7) 

If inf \A k \ > 0, then © is a straightforward consequence of (@J) and Q. 
Therefore it suffices to consider the case lim = 0. Without loss of 

k^oo 

generality we may assume that for any k 

\A k \<\\Bx\Bi\. (8) 
Case 2a. Suppose that for all k 



\v k nB L \>l\v k \. (9) 

2 2 
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Since \x — y\ ^ 3/2 < 3 for all y £ Bi , x € B\ \ Bz and because of ©, it 
follows that 

f dx 1 1 

/ l nr ^ — T \(B 1 \B 3 )\A k \ ^ ——\Bt\Ba \ =:c 4 >0. 



{Bx\B 3 )\A k 
3 



Moreover, for any y 6 i?i 

2 



Ix-y)^ 1 ^ ./ (| x | - =:C5 ' 
Thus for all y G i?i and Afc C Bi satisfying Q one has 

2 

/dx f dx 

|x-y|«+i ^ C6 / Ix-yh+i' (10) 

(Bi\B 3 )\A fc (R«\B 3 )\A* 

where C6 := 04/(05 + C4). Using 



BAA fc B 3 \A fe (Bi\B 3 )\A fc 
4 1 



and pup we obtain 
dxdy 



B 1 \A k V k CtB 1 
2~ 



k - 2/1 



n+l 



, , dxdy f f dxdy 

> / / 7- — -^tt + c 6 



B 3 \A k V k nBi (R"\S 3 )\A fc V t nBi 

¥ 2 3 3 



C6 
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dxfiy 
\x - y\ 



n+l 



Consequently we have 




dxdy f f dxdy f f dxdy 



x — y| n+1 J J \x — y\ n+l J J \x — y\ 

B!\A k V k B 1 \A k V k C\B 1 M,"\A k V k nB 1 

2 2 



n+l 
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Using © we apply Lemma|T| with (ft, A, V) := (W 1 , A k , V k n Bi ) to get 



• ; >c 3 |VfenSi|— ^c 3 2— |14| — 



k - y| 



n+l 



where c 3 = c 3 (M n ,7/2). 

Case 2b. We suppose that for all k 



Denote 

w(a:) := r-ff 
Fn 

and 



|Vfc\Sx| ^ i |V3fe| . (ll) 



V k ° :=u\V k \Bi) , A° k :=u\A k \Bi) , (12) 
% = V k G U V k and l fc = ^ U A k . Clearly, % C A k C 5 4 and 

( J B 4 \i?i)\A fc = W (( J B 1 \ J Bi)\^) . (13) 
The elementary calculations show that 

= |i ( 14 ) 



and 

\u{x) -uj(y)\ ^ \x-y\ if |x|,|y|^l (15) 

|x-a;(y)| ^ if |x|,|y|^l. (16) 

Making the change of variables x := uj(x), y := u(y) and applying 1|12|). 
(JI3J). (dSJ we obtain 



dxdy y y |Vo;(x)| |Vw(y)|dxdy 

|w(a;) - uj{y)\ n+1 

dxdy 



r r dxdy r r 

J J \x-y\ n + l " J J 

/ / 

)\A k V k \B 1 



€ 8 2n 



— 7/1"+! 



\x - y\ 



Si\A fc V k 
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where we have used, by l|14)). 

|Vo;(x)| ^ 4 2n for x G B x \ Bi , \Vu(y)\ ^ 2 2n for y€B 1 \B l . 

4 2 

Similarly, making the change of variables and using (|12[) - (|14|) . (|16|) we have 
f f dxdy 2n f f dxdy 

J J \ x -y\n + l - 4 J J \ x -y\n+l ^ °) 

(B 4 \Bi)\A° V k Bi\A k V k 

and 

dxd V ^ 2 2n f I dxd V ^ 



\x - y\ n+l ^ J J \x- y\ n+l ' 

Bi\A k V° Bi\A k V k 

Combining (|17j) - (|19|) we arrive at 

dxdy 



B 4 \A k V k Bi\A k V k 



\x - y\ 



n+l 



(20) 



Since \x — y\ ^6 for x G B^\ B% and y G B^, it follows that 



\ x -y\n+l " y | x _ y |n+l ^ gn+1 

B 4 \A k (B 4 \B 3 )\A° 

for all y £ B 2 . In view of (JBj) and (JI 

|(B 4 \B 3 )\Ag| = |w((Bi \Bi)\i4 fe )| > |CBi\Bi)\4fc| ^ 

\34 / 34 ^34 

Thus 

dx ^ n 

^ c 7 > , 



/ 



|iC - 7/| n+1 

where C7 = 6~ n ~ 2 |-Bi \ Si |. Moreover, for any y £ B 2 



3 4 



dx , f dx 



\ x _ y \n+l ^ J _ 2 )n+l 

\B 4 R' 1 \B 4 



C8 



Thus for all y G B 2 one has 



/ |x-t|" +1 ^ C9 / (21) 



B 4 \A fe K"V4 fc 



7 



where eg = cj/(cs + c-j). Combining (|2l)|). (f2*T|) and using Vk C -E>2 we arrive 
at 

dxdy 



7 7 J J 

Bi\A k V fc K"\A fc V k 



x — y\ n+l 



22 



where c 10 = c 9 /(l + 2^™ + 4 2n + 8 2n ). Observe that 

\V k °\ > \Vk\Bi\ >hv k \, |A2|<4 to |A fc \5i| O^l. 

2 ^ 4 



Consequently, 

£5 Ml £ | M*| > 7 4-^V*l 

and so 

|y fc | > 7 4- 2 "|l fe |. 

Using this we apply Lemma ^with = W 1 , A = A^, V = to get 

/ / ji _ ffi+i > C 3(M",74- 2 ") > c 3 (R", 7 4- 2 ")|y fc |^ . 

This and (|22|) prove Lemma Q for Case 2b. 

Case 3. Let = <J)(Bi), where <f> satisfies the conditions of Theorem Q 
Making the change of variables x := 4>{x), y := 4>(y) we get 

dxdy f f \V cfi(x)\ \X7 (ft(y)\ dxdy 



\x-y\ n+1 J J \<j)(x) - (j){y)\ n+1 ' 

where A = 4>~ 1 {A), V = ^(V). Because of (JTJ) it follows that 

|V0(x)| ^q 1 - 

Hence 

dxdy -(n+3) /" /" dxdy 




V\A V Bi\AV 

Since \V\ ^ c^ 1 ^! ^ c|f 1 7|A| ^ c^ 2 7|yl|, an application of Lemma ^ with 
(0,4*0 == (B 1} A,V) gives 

dxd V > -(«+3) ,.7, -(n+4) 
[a - y\n+l ^ c i C 3 |K| ^ Cl C 3 \V\, 

Q\A V 

where C3 = C3(f?i, c7" 2 7). □ 
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Lemma 2. Let f2 C M. n , n ^ 2 and suppose that f : £1 — > C 6e a continuous 
function, which satisfies conditions of Theorem^ Let 

I x :={yen: \f(x)\ > 2\f(y)\} , J x := {y G fi : > 2|/(x)|} (23) 

and 

/ ji^fi- (24) 

Then 



\f(x)\ 2 ^(x)dx + / |/(x)| 2 dx>cn / |/(x)|^di (25) 



for some c\\ = cn(fi) > 0. 

Proof. Without loss of generality we may assume that ^ 1 for all 

x Gil.. 

For any m G N we put 

An :={xGfi:/(x)G[2- m ,2- m+1 ]} 

oo 

and Doo = / _1 (°)- Clearly, n = D^U [J D m . One has 

m=l 

/oo | _ | 
l/^I^^^E^T' (26) 



m=l 



2n 



where iV = 2™- 1 . Denote by i£ C N the set of indexes m such that 

ID IS l-^m-ll + |-Pm+l| / 97 x 
\ u m\ • ^'J 



Since 



\D m _ x \ + \D m+1 \ maxl^iV- 1 } /|An-l| , \D„ 



< + 



64A^ m -! 64 V Nm ~ 2 Nm 

< 1 / |An-l| _|_ |-Dm+l| 



4 V N m ~ 2 N r 
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it follows that 



CO 



E\D m \ _ \ -> \D m \ \ -» \D m \ 

m=l m£_E meN\E 

- |-^m| l-^m— 1| + l-^m+ll 



jym-i 1 64 A'"" 1-1 



I n I 1 * 
JAnl 1 y 



oo , 

J-^ r. 



mgi? m=l 

where we have used that 64|D TO | < |JD m _i| + |D m+ i| for m G N \ i?. Hence 



y ±54 ^ 2 y IM • (28) 

/ j l\fm—l / j ]\fm-l v ' 



^ym— 1 / / ]\j~m—l 

m=l m£E 



Consequently, from (|2B")) and (|2*5)) we deduce that 



where we have used that N~^~ = 4 and the elementary inequality 



E a * ^Y, a k n (3°) 

Vfc=i / fe=i 

for all 0^ ^ 0. 

We split the remaining part of the proof into two cases. 
Case 1. Suppose that there exists p ^ 2 such that 

\D P ^\ + \D P \ + \D P+1 \> Yl \ D m\- (31) 

m^p— l,p,p+ 1 

m— 2 00 

From definition l|2"5)l we see that |J C J x and U (J C I x . 

k=l k=m+2 

Using (|24|) we obtain 



00 „ « 



2 



dxdy 



m ~^n t \ \ 1 



El f f dxdy 
Am U_ 7l |n+l ' ( 32 ) 



4 m / / x - y\ 

m=l At 
mjtp — 2,...,p+2 u m Lim 
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where 

oo 

i m :=^coU \J D k , meN. (33) 

fc=l 

k ^ m — 1 , m , m + 1 

From (|31|) we find 

\L m \ > \D P ^\ + | D p | + |D P+1 | > M (34) 

for m 7^ p - 2,p - l,p,p + l,p + 2. Hence (j2ZJ) and (JSH) imply (gj and © 
respectively with A = D m _i U D m U D m+ i, V = D m and 7 = 1/65. An 
application of Lemma Q gives 

n-l 

cfedy D m n 

> c 3 7= . 




n+1 



\x-y\ 

where C3 = 03(0, 1/65). Therefore 

\D m \^ ^ x - |D. 



[\f( X )\^(x)dx>C 3 £ ^L^C 3 ^ 

•/ ™ — 1 ™ /- IT 1 

p+2 

(35) 



4 

i2 m^p-2,...,p+2 m/p-2,...,p+2 



Using the second inequality in (|3*i)) we have 



n-l 



J\f{x)\ 2 dx> Yl 



p+2 I P+2 

P+2 ,„ , E lAnl „„„ 1 ( E JA*| 



|D m | m=p-2 ^|f2|^™ \m=p-2 



4m ^ 4P+2 V 2 7 4P+ 2 

m=p~2 

/ P+2 
1 / 10| \ " \m=p-2 



5 2 4P+ 2 



m=p— 2 

where 

1 1 /|np 



P+2 . .2=1 



1 1 f\n\\ l 

C12 = mm < c 3 , 



4 4 5 V 2 

Piecing together (|33)) and (|3*B*|) we have 



\f(x)Mx)dx + I \f(x)\ 2 dx>c 12 £ 
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Combining this and (|29j) we arrive at (|25jl with en = cyij 
Case 2. Let us assume that 



lAn-ll + \D m \ + \D m+ i 



fc^m — l,m,m+l 



for all m ^ 2. Then for all m we have 

where L m is defined by (|3*H|) . As in Case 1 we apply Lemma ^ to get 

n-l 

J \f(x)U(x) dx>c 3 Y, ■ (37) 

Comparing 1)29(1 and (|37|) finishes the proof. □ 

Proof of Theorem^ As was shown in |BT| (consequence of Theorem 2 p. 15) 
for any domain Q satisfying conditions of Theorem ^ an d for any continuous 
function / : 0, — > C we have 

/ ^fep^ dxdy > Cl3 / l/(^)| 2 ^ ( 38 ) 
for some constant C13 = 013(0) > 0. On the other hand 



\x — y\ n+1 J \ J \x — y\ n+1 

where I x and J x are given by ((2*3*)) . Since 

\m-m\>^ 

for all y € I X D J x , it follows that 

= J y \f(x)\ 2 ^(x)dx. (39) 
n 

Summing (JSHJ); "39|1 and applying Lemma El completes the proof. □ 



12 



Acknowledgements. We are grateful for financial support from EPSRC 
Grant RCMT090. We also thank Professor W.D. Evans for valuable discus- 



sions. 

References 

[BT] A. A. Balinsky & A. E. Tyukov, On localization of pseudo-relativistic 
energy. Submitted. 

(See also http://www.ma.utexas.edu/mp_arc/c/05/05-115.pdf ) 

[LY] E.H. Lieb & H.-T. Yau, The stability and instability of relativistic 
matter, Comm. Math. Phys. 118 no. 2 (1988) 177-213. 

[DFFP] R. Duits, M. Felsberg, L. Florack, & B. Platel, a Scale Spaces on 
a Bounded Domain. In: L.D. Griffin, M. Lillholm, (Eds.), Scale Space 
Methods in Computer Vision , Lect. Notes in Comput. Sci. Ser. 2695, 
Springer 2003, 494-510. 

[FS] M. Felsberg & G. Sommer, The monogenic scale-space: a unifying ap- 
proach to phase-based image processing in scale-space, J. Math. Imag- 
ing Vision 21 no. 1 (2004) 5-26. 



13 



